Introduction
The idea of using flexible bags for wave energy extraction stretches back to the 1970s [1, 2] . Under wave action, expansion and contraction of the bag create a reciprocating air flow into and out of another volume, driving a turbine in between.
Recently, this concept has been revisited and novel variations have emerged with one thing in common: an axisymmetric bag in the form of a fabric encased within an array of meridional tendons. In one variation, the bag is floating and is ballasted such that it pierces the free surface [3, 4] , and in another the bag is fixed at its bottom [5] . This paper considers another variation of the device [6] , where the bag is fully submerged and connected to a rigid float at the top and to a weight at the bottom (figure 1). The motivation was to introduce a double-peaked response, thus broadening the power absorption bandwidth. The float is herein chosen to be conical in shape. The two air volumes either side of the turbine, denoted as V1 and V2, are all contained within the device.
A numerical approach calculates the equilibrium shapes of the bag in still water for different bag pressures. Unlike the bags in the other two device variations [4, 5] , the bag in the present device can have a non-horizontal tangent at the top. We predict three different equilibrium shapes for the same pressure, and this is confirmed by physical experiments. Plotting the elevation of a point on the device against the bag pressure as the amount of air in the bag is slowly varied yields a trajectory in the shape of an S.
To predict the device's response in waves, a linear frequency-domain model is developed following the approach used for the device with a floating bag [4] . The effects of air compressibility are included through the linearized isentropic air pressure-density relation, as in an oscillating-water-column device [7] [8] [9] . Compared with the device with a floating bag [4] , the present device has one extra degree of freedom in the motion of the float.
The response of the device is found to vary depending on where the mean pressure-elevation condition is on the static trajectory. The absorbed power is found to be highest when the mean condition is on the middle section of the trajectory. Contrary to what was expected, the absorbed power is not always double-peaked.
Theory (a) Static calculations
When the bag is inflated, the fabric forms lobes between the tendons. This keeps the tension in the fabric to the minimum, while the tendons carry most of the load. For simplicity, we assume that all tension is carried by the tendons and neglect the volume of the lobes. This approximation is exact in the limit of infinitely many tendons [10] . In addition, we assume that the tendons are inextensible and that the bag is weightless. Owing to symmetry, the shape of the bag is defined by the profile of just a single tendon (figure 2). For a given tendon length as well as top and bottom radii of the bag R top and R bot , the profile of the tendon in still water is determined uniquely by for example the elevation and angle (relative to horizontal) at the top of the bag Z 1 and A 1 , and the bag pressure (excluding atmospheric) P.
A method of calculation has been described in [4] , which involves discretizing the tendon into N arc elements of uniform length h (the total number of nodes is N + 1). The element's radius of curvature ρ n is calculated element-wise from the top of the bag to the bottom, by satisfying the force balance normal to the element 2π hR n+0.5 (P + ρgZ n+0.5 ) = Th ρ n = T(A n − A n+1 ), n = 1, . . . , N.
Here, T is the sum of static tension in all tendons, ρ is the water density, g is the acceleration due to gravity, (R n+0.5 , Z n+0.5 ) is the radius and elevation at midpoint of element n, while A n is the angle at node n. As T is not known beforehand, an iterative procedure adjusts T so that the difference between the calculated R N+1 and the specified R bot is less than some small tolerance. A similar approach has been used to obtain the profile of inflatable membrane dams under various static loading conditions [11] . For a given combination of float's and bottom cylinder's weights, any admissible bag shape must in addition satisfy any two of the following force equilibria: (i) the force equilibrium on the device as a whole, (ii) that on the float and (iii) that on the bottom cylinder considered separately. On the device as a whole, we have 
where A 1 and Z 1 are the angle and elevation at the top of the bag. On the bottom cylinder, 
(b) Linear frequency-domain model
To obtain the response of the device under harmonic excitations, a linear frequency-domain model is developed following the approach described in [4] . Only axisymmetric motions are considered. Furthermore, we assume that all displacements are so small that linear theory is valid and that all responses oscillate with the same frequency as the excitation frequency. The time-dependent part of any oscillatory quantity can thus be expressed as the real part of the product of a complex amplitude and e iωt , where ω is the oscillation frequency. The approach consists of first expanding the static equations (2.1), (2.3) and (2.4) and keeping only terms up to the first order. The expanded equations include the hydrodynamic forces. Subtracting the static equations from the expanded equations yields a set of linear dynamic equations for the float, bag and bottom cylinder.
The boundary conditions at the top and bottom of the bag must also be satisfied. The top of the bag does not move radially and its vertical motion is the same as that of the float. Likewise, the bottom of the bag does not move radially and its vertical motion is equal to that of the bottom cylinder.
Finally, by utilizing the various relationships outlined in [4] , it is possible to express the equations in terms of complex amplitudes of the radial displacements r n of the tendon element midpoints, the heave displacement of the bottom cylinder ξ 3 , the relative displacement between the float and the bottom cylinder ξ 7 , and the dynamic tension τ in the tendons, as the unknowns. The final equations can be written in a matrix form as
(2.5)
The hydrodynamic forces, which appear in F, if the device is excited by incident waves, and in Y, are computed using a panel method [12] . Upon solving this linear system of equations, we can obtain the mean captured power from
where p 1 and p 2 are the pressure amplitudes in V1 and V2, which can be derived from the volumetric change of the bag (details are given in [4] ), and C is a real coefficient that relates the air mass flow through the power take-off (PTO) to the pressure difference across it
Note that due to air compressibility the volume flow through the PTO is less than the rate of change of the bag's volume, and there is a phase difference between the two, a point discussed in [8] and further elaborated in [13] .
Experiments
Small-scale model tests were carried out in the 35 m × 15.5 m wave basin at Plymouth University, with a water depth of 3 m. The model bag was constructed by joining two circular unreinforced polyurethane films at the perimeter. The tendons, of 3 mm diameter Polyester-covered Vectran cores, ran through guides attached to the fabric. The bag had 12 tendons and each tendon was 0.58 m long. The tendons terminated both at the top and bottom of the bag at a radius of 0.02 m.
The float was conical in shape and made of aluminium. As part of the float unit, a central PVC pipe ran through the float's vertical axis and was fixed to the float such that there was no relative motion between the two. The pipe was open both at the top and bottom ends and functioned as a passage between the air volume contained within the bag and some additional air volume to be described in the following paragraph. The bottom of the pipe was connected to the top of the bag via a brass skin fitting. The float was ballasted with lead shot such that its mass, including the central pipe, was 157 kg. The bag was sealed at its bottom by an aluminium disc which was In order for the deformation of the model-scale bag to be similar to that of the full-scale bag, the volumes of V1 and V2 must be scaled according to
where s ≥ 1 is the scale factor, P atm is the atmospheric pressure and P prototype is the mean internal pressure at full scale. This means that V 1 , i.e. the mean volume of V1, at model scale has to be greater than 1/s 3 times the full-scale V 1 . Therefore during the tests, the volume of the bag was augmented with up to three air tanks of 220 l capacity each, to make up the total V1. Another three tanks of the same capacity were used to make up V2. These tanks as well as the PTO were mounted on a gantry over the wave basin. Thus in the model tests most of V1, the PTO, and all of V2 were external to the floating device. A flexible hose connected the top of the central pipe to the tank assembly. The force introduced by this flexible connection was minor compared with the static and dynamic force of the water acting on the device. The number of tanks in operation and thus the overall sizes of V1 and V2 could be varied by opening and closing of valves. In the following, the size of V1 and V2 will be identified as V1 + V2 tanks = 1 + 1, 1 + 2, etc. The PTO was in the form of an assembly of parallel capillary pipes between V1 and V2 tanks creating a linear resistance to the air flow. The assembly consisted of 17 tubes, each housing about 140 pipes of 1.6 mm internal diameter and 800 mm length. The same assembly was used previously for the model tests of another device [14] . The resistance to the flow could be varied Linear guide rails similar to those used in [15] restricted the float to move in heave only. A string potentiometer measured the vertical displacement of the float. Video cameras above and under water recorded the motion of the device from the side. Other instrumentation included a manometer to monitor the pressure in the system, pressure transducers to record the pressures in V1 and V2, and an array of wave gauges to record the free-surface elevation during the regular wave tests.
Results and discussions (a) Static trajectory
We first examine the behaviour of the device in still water. With the device floating freely, the bag is slowly deflated/inflated. The measured variation of the top and bottom elevations of the bag with internal pressure is shown in figure 4 along with the numerical predictions, which are the solutions of (2.1) and any two of (2.2), (2.3) or (2.4). The measured top trajectory was obtained from the string potentiometer connected to the float. The measured bottom trajectory was obtained from video images. Calculated static geometries at marked points on the trajectories are also shown in figure 4 .
The predicted trajectories agree favourably with the measurements. The discrepancies are believed to be the consequence of the relatively small number of tendons on the physical bag, resulting in the fabric sharing some of the tension which in the numerical model is carried exclusively by the tendons. This is supported by Pagitz & Pellegrino [16] , who have shown, for a uniform external-internal pressure difference, that a bag with a finite number of tendons would have a slightly different profile than the profile of a bag with no hoop tension.
The static trajectories of the top and bottom elevations of the bag each takes the form of an S, which implies that for a range of bag pressures there are three possible bag shapes which have the same pressure. The two vertical-tangent points of the S curve mark three different sections of the trajectory. On the upper and lower sections, any pressure variation is accompanied with hardly any change in the device elevation. This is because on the upper section, the bag is tight, and releasing air from the bag decreases the pressure but hardly changes the bag's shape. Consequently, there is not much change in the device's draught in order to maintain buoyancy. Likewise, on the lower section, the tendons are close to vertical and deflating the bag decreases the pressure but hardly changes the bag's volume, and so the device's draught stays about the same. Between these two extremes, i.e. on the middle section, varying the amount of air in the bag has the greatest effect on the bag shape and hence there is greater variation in the device draught in order to maintain buoyancy. Contrary to the upper and lower sections, however, on the middle section deflating the bag does not decrease the pressure but instead increases it. The reason is that as the device goes down to provide the required buoyancy, the external hydrostatic pressure increases and this increases the pressure in the bag.
For a ballasted floating bag (without a rigid float) [4] , the static trajectory takes the form of a C, with a shape similar to the combined upper and middle sections of the S trajectory of the present device. The existence of the lower section in the present trajectory is due to the extra buoyancy provided by the float, preventing the device from sinking even when the bag has been completely deflated.
(b) Static stability
For a given waterplane radius, the upward force on the float due to the bag must not exceed a certain maximum in order to keep the device from capsizing. A simplified expression for this maximum may be derived for our device by assuming the float to be a simple 45 • cone with waterplane radius R w , and neglecting the central pipe. The centre of buoyancy of the float is thus the device is stable because the required vertical force to satisfy equilibrium is less than the allowable maximum for stability. Consider, for example, the solid line, which corresponds to M float = ρπ0.5 3 /3 kg. As the bag is inflated from a deflated state, we move along the solid line from right to left. At waterplane radius R w of 0.5 m, the vertical force on the float exerted by the bag is zero and the tendons leave the top of the bag in the horizontal direction (A 1 = 0). To the right of this point (R w > 0.5 m), the bag pulls the float down, while to the left (R w < 0.5 m), the bag pushes the float up. The bag can be inflated until the float's waterplane radius reaches 0.42 m, but further inflating the bag past this point will cause the device to capsize. As seen from (4.1), the onset of instability may be delayed by lowering the centre of gravity of the float or reducing the distance between the bottom of the float and the top of the bag. Whether the vertical force on the bag will ever exceed the maximum allowable force to maintain stability of the device depends on the buoyancy of the bag relative to the float's weight. For the model shown in figure 3 , the vertical upward force per tendon exerted on the float is found to be less than 20 N ( figure 6 ). The device is therefore always stable. With a lower float mass, as seen from figure 5 , the maximum allowable force would be lower. 
(c) Heave natural periods
The heave natural period of the device, when the bag is fully deflated, was measured by forcing the device to oscillate in otherwise still water. The measured natural period, 1.19 s, agrees closely with the numerically predicted natural period, 1.17 s. The bag essentially acts as a spring, whose stiffness can be adjusted by varying the amount of air in the bag. Such a spring may have applications beyond what is suggested in this paper. Figure 7 shows a typical variation of peak period of the heave displacement of the bottom cylinder with bag pressure, as the bag was slowly deflated. In this case, the float was fixed in position such that the top of the bag was always 1 m below the mean free surface. The bottom cylinder was forced to oscillate via a line connected to the base of the cylinder, in otherwise still water. The number of V1 + V2 tanks was 1 + 3, and 9 PTO tubes were open. The frequency-domain model predicts the measured heave natural periods of the bottom cylinder reasonably well. Following the trajectory from the right, we see that with decreasing amount of air in the bag, the natural period of the bottom cylinder first increases until it reaches a maximum, and then decreases with further bag deflation. Depending on the amount of air in the bag, the heave natural period of the bottom cylinder varies over quite a wide range.
(d) Response in regular incident waves
The response of the device in regular incident waves, for three different mean conditions as listed in table 1, is shown in figure 8 . These mean conditions correspond to the marked points on the static trajectory shown earlier in figure 4 . The incident wave amplitude used in the tests was 3 cm for all cases. Different responses are obtained for different mean conditions. Slight variation in the initial condition from one run to another contributes to the scatter of the measurements, but fairly good agreement is obtained between the measurements and the numerical predictions. Sensitivity analysis with slightly different mean pressures as input to the numerical model does not improve the agreement, suggesting that the discrepancies, most notably the mismatch in peak periods, might be a consequence of geometrical differences between the physical model and the numerical model, which are manifested also in the differences between the predicted and measured static trajectories observed earlier. Nevertheless, the numerical model captures reasonably well the effect of varying parameters on the response of the device.
In particular, there is a good agreement between the measured and predicted phase difference of the pressure amplitudes in V1 and V2, for all cases. The numerical model confirms the linearity of the PTO damping in the physical model, although the measured phase differences are slightly greater than the predictions. This is contributed by additional losses in the PTO, which are not accounted for in the numerical model. As expected, increasing the number of open PTO tubes from nine to 17 decreases the phase difference between pressures in the two volumes as well as the amplitude difference between the two pressures.
Despite the measured response peak periods being higher than the predictions, the amplitudes of the top and bottom displacements of the bag are well predicted by the numerical model. The corresponding phase variations are also predicted reasonably well. The observed phase shift of the bottom of the bag relative to the top happens at decreasing period from case U to L. This period coincides with the heave natural period of the bottom cylinder. At this period the float hardly moves, which is most clearly seen for case U at 1.32 s.
Operating with a mean condition on the upper section of the S trajectory (case U) is found to result in a relatively poor power performance. This is rather surprising, given that the relative displacement between the bottom cylinder and the float is much greater in this case compared with that found in cases M and L. We observe that, firstly, it is possible for the bag to change its shape without much change in its volume. Power absorption however requires a certain volume flow through the PTO. Secondly, to absorb energy from the waves a device must radiate waves that interfere destructively with the incident and scattered waves (e.g. [17] ). The low absorbed power either side of the peak period implies that either the amplitude or the phase, or both, of the radiated waves is not optimal. A closer inspection reveals that at short periods the waves radiated by the device for case U are too high, while at long periods they are too low ( figure 9 ). The phases of these radiated waves are probably also suboptimal.
To obtain the optimum radiated wave amplitudes in figure 9 , we have made use of the fact that for a device to absorb the maximum amount of power possible from the waves, it is necessary for it to radiate waves having exactly the same amount of power. The power of the radiated waves for this axisymmetric device can be approximated as
where |η R (r)| is the radiated wave amplitude at a sufficiently large distance r from the device and v g is the wave group velocity. For an axisymmetric device, the maximum power that it can absorb from incident regular waves of amplitude A is given theoretically as
where λ is the incident wavelength and J = 1 2 ρgA 2 v g is the transported power per unit width of the incident wavefront [18] [19] [20] . Here, λ/2π is the well-known upper bound of the capture width, which has been plotted in figures 8, 10, 12, and 13. The optimum radiated wave amplitude at a sufficiently large distance r from the device can thus be obtained by equating P R opt = P max , which gives
The device is found to absorb more power when operating with a mean condition on the middle section of the trajectory (case M). It will be shown in the next section that improved power capture can be obtained in this case by increasing the sizes of V1 and V2.
For all cases, the float and the bottom cylinder are found to move in phase at long periods and in antiphase at short periods. Such behaviour is characteristic for a 2 d.f. system. Indeed, we can think of the device as a system of two rigid bodies connected by a spring-damper element in the form of an air bag. However, while a simple 2 d.f. system is able to explain this phase shift between the float and the bottom cylinder, sufficiently accurate predictions of the power absorbed by the device seem to be possible only with a model which takes into account the deformations of the bag and its interactions with the two rigid bodies, as used in this paper. Such interactions are more subtle than what can possibly be modelled by a simple springdamper system.
(e) Parametric study
Having validated the numerical model to some extent, we will now use it to better understand the behaviour of the device for a wider range of conditions and parameters.
We start with the cases specified in table 1, but with different values of mean volumes V 1 and V 2 and PTO damping to see how they affect the power absorption.
For case U, we find that increasing V 2 and decreasing V 1 with the same PTO damping improve power absorption, but V 2 must be at least three times larger than that specified in table 1 for the peak absorbed power to reach 80% of the theoretical maximum. Furthermore, no combinations of V 1 , V 2 and PTO damping are found to improve the absorption bandwidth ( figure 10 ), suggesting that the narrow bandwidth is the consequence of the shape of the bag associated with this particular mean condition. The performance is slightly better for case L, but V 1 and V 2 must be very, and perhaps impractically, large for the absorbed power to be comparable with that of an equal-sized rigid body absorbing power through heave relative to a fixed reference.
Out of the three cases, the highest power absorption is obtained for case M. The capture width is found to increase with larger V 1 and V 2 . Although the bandwidth is narrower than that of an equal-sized heaving rigid body, the capture width can attain values higher than 40% of the waterplane diameter, which is the achievable maximum for the rigid body.
It must be borne in mind, however, that all the results presented here have been obtained based on linear theory. In order to realize the capture width shown by the dash-dotted line for case M in figure 10 , for example, the relative displacement between the float and the bottom cylinder needs to be up to nine times the incident wave amplitude. As the distance between the top and bottom of the bag is limited by the tendon length, this result is valid only for very small incident wave amplitudes.
To see how the response of the device varies for different mean conditions on the middle section of the static trajectory, we consider three additional cases with mean pressures as listed in table 2 and whose locations in the trajectory are shown in figure 11 . Figure 12 shows the calculated capture widths of the device for these mean conditions.
For cases on the middle section of the trajectory, the capture widths generally have two peaks when constant PTO dampings are used. As the PTO damping is reduced, the peaks shift towards longer periods. This is because in the limit of no flow resistance between V1 and V2, the two volumes in effect become one single volume. Thus, the heave restoring stiffness of the bottom cylinder is reduced with decreasing PTO damping, resulting in longer resonance period. When the envelope of all capture widths obtained using constant PTO damping is taken, which is equivalent to the capture width with PTO damping optimized at every period, it generally has three peaks. Increasing the total available air volumes V 1 + V 2 increases the highest peak period, whereas the lowest peak period is more or less governed by V 1 (cf. figure 10) .
Starting with different mean pressures, as seen from figures 10 and 12, results in distinct responses. In agreement with figure 7, figure 12 shows that going down the middle section of the static trajectory shifts the response curve to lower periods. It appears that the best power performance is obtained when the bag exerts no mean vertical force on the float, i.e. between cases M2 and M3.
Before concluding, we shall make two remarks. First, alongside the λ/2π upper bound, we have plotted the Budal upper bound [21] in the capture width plots of figures 8, 10, 12 and 13. These Budal upper bounds are plotted with the sole purpose of showing that the power a device can absorb is limited by its dimensions, and are not meant to give any indications about the economics of the device. They have been derived assuming that the device is a heaving body with a design volume stroke, i.e. twice the displaced volume amplitude, of 2AS w , where A is the incident wave amplitude and S w is the device waterplane area. This choice of the design volume stroke is reasonable given the float's response amplitude operator (RAO) shown in figure 8 and the fact that the displaced volume amplitude of the bag tends to subtract that of the float. Thus, Note that by assuming the design volume stroke to be proportional to the incident wave amplitude, we have arrived at an expression independent of the incident wave amplitude. In reality, the design volume stroke would be a constant, and thus the incident wave amplitude would enter into the expression. In this case, the Budal upper bounds in figures 8, 10, 12 and 13 may be understood as the upper bounds applicable for a design volume stroke of 0.06S w m 3 and A = 0.03 m. (Note that to reach some of the optimized results shown in figures 10 and 12, the actual volume stroke may need to exceed this particular design stroke.) As seen from figures 10 and 12, an equal-sized heaving rigid body reacting against a fixed reference can still absorb some amount of power at long periods, whereas the absorbed power of the present device, because it is self-reacting, drops quite rapidly at long periods. Secondly, we shall comment on the relative contributions of the parts of the device-the float, the bag, and the bottom cylinder-in generating the total radiated waves. Typical contributions are shown in figure 14 , corresponding to the case described in figure 13 . We see that the contribution of the bottom cylinder is negligible, while the bag's contribution is small compared with the float's. It is worth noting, however, that the waves radiated by the bag (and the bottom cylinder) tend to reduce those radiated by the float, and this is another reason why the bandwidth of the device is narrower than that of an equal-sized rigid body. 
Conclusion
The static and dynamic behaviour of a novel wave energy device featuring a submerged flexible air bag connected at the top to a ballasted float and at the bottom to a ballasted cylinder have been investigated numerically as well as by physical experiments. The device is one variation of a newly emerging class of devices which have in common a flexible bag in the form of a fabric encased within an array of longitudinal tendons.
In the numerical models, the assumption is that the tendons carry all the tension and that there is no tension in the fabric. The profile of the bag is obtained by discretizing the tendon into small contiguous elements, able to move relative to each other as long as the distance between centres of any two neighbouring elements does not change. Full linear hydrodynamic interactions between the float, the bottom cylinder and the deformable bag are accounted for. Comparisons with the physical measurements show favourable agreement.
In still water, static equilibrium is achieved when the weight of the device is equal to its buoyancy. Depending on the amount of air in the bag, the bag can take different shapes and exert either an upward or downward force on the float. Plotting the static elevations of the top or bottom of the bag against the bag pressure results in an S-shaped trajectory, implying that there can be three different equilibrium device geometries for the same bag pressure.
Dynamically, the device exhibits different behaviours depending on where the mean pressureelevation condition is on the static trajectory. The highest power absorptions are obtained with mean conditions on the middle section of the trajectory, around the point where the bag exerts no mean vertical force on the float. The power absorption can peak at a period longer than the peak period of a heaving equal-sized rigid body reacting against a fixed reference, albeit having a narrower bandwidth.
Further study may include optimizations of device parameters such as the submergence of the bag from the mean water level; the relative sizes of the float, bag, and bottom cylinder; and the mass ratio between the float and the bottom cylinder.
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